Abstract-The guaranteed cost-control problem for uncertain linear systems which have delay in both state and control input is considered. Sufficient conditions for the existence of guaranteed cost controllers are given in terms of linear matrix inequality (LMI). It is shown that the state feedback controllers can be obtained by solving the LMI.
I. INTRODUCTION
Delay systems generally occur in modern society in the form of communication systems, transmission systems, chemical processing systems, power systems, and so on. If the presence of delays, is not considered in the controller design, it may cause instability or serious deterioration in the performance of the resulting control systems [1] . The study of time-delay systems has received ever greater attention in the past few decades.
In recent years, the problem of robust control of delay systems with parameter uncertainties has been widely studied in the literature [2] - [4] . Although there have been numerous results on robust control of uncertain delay systems, much effort has been made toward finding a controller which guarantees robust stability. However, when controlling such systems, it is also desirable to design the control systems which is not only robustly stable, but also guarantees an adequate level of performance. One approach to this problem is the so-called guaranteed cost-control approach [5] - [11] . This approach has the advantage of providing an upperbound on a given performance index. Recent advances in the theory of linear matrix inequality (LMI) have allowed a revisiting of the guaranteed cost-control approach [6] , [7] . The LMI design method is a very well-known and powerful tool. Not only can it efficiently find feasible and global solutions, but also easily handle various kinds of additional linear constraints. The guaranteed cost-control problem for a class of linear uncertain delay systems which is based on the LMI design approach was solved [8] - [11] . However, in [8] - [11] , delay of the control input has not been considered. Furthermore, it should be pointed out that although the robust-control design methods for parameter uncertain systems that have delay in both state and control input have been considered (see for example [3] , [4] ), the guaranteed cost control for such delay systems has not been discussed so far.
In this brief, the guaranteed cost-control problem of the robust control for uncertain system that has delay in both state and control input is considered. A sufficient condition for the existence of the robust feedback controllers is derived in terms of the LMI. The main result of this brief shows that guaranteed cost controllers can be constructed by solving the LMI. The crucial difference between the existing results [8] - [11] and our new one is that the controller which guarantees the stability and adequate level of performance for the time delay in both state and control input is given. Thus, the resulting controllers can be easily implemented for more practical delay system. 
Associated with (1) is the cost function
where Q is the given positive definite symmetric matrices.
Definition 1:
The matrix P > 0 is said to be the quadratic cost matrix for the uncertain delay systems (1) if the following inequality holds:
for all nonzero x(t) 2 R n and all uncertainties (2). (1) is quadratically stable and the corresponding value of the cost function (4) satisfies the following inequality (7):
The proof is given in Appendix I.
III. PROBLEM FORMULATION
In this section, we consider the problem of optimal guaranteed cost control via the state feedback for a class of the delay system. The uncertain delay system under consideration are described by the following state equation:
t2 [0d; 0]; d=maxf 1 ; ...; N ; hg (8) where u(t) 2 R m is the control. The parameter uncertainties satisfy
B, B h , E2, and E h 2 are the constant matrices of appropriate dimensions. The remainder constant real matrices and parameter uncertainties are the same as the delay systems (1). Associated with (8) is the cost function (10) where Q and R are the given positive definite symmetric matrices.
Definition 2:
A control law u(t) = Kx(t) is said to be a quadratic guaranteed cost control with associated cost matrix P > 0 for the delay system (8) and cost function (10) if the closed-loop system is quadratically stable and the closed-loop value of the cost function (10) satisfies the bound J J 3 for all admissible uncertainties, that is
The objective of this brief is to design a linear time-invariant feedback guaranteed cost-control law u(t) = Kx(t) for the delay system (8) with uncertainties.
IV. MAIN RESULTS
We now give the LMI design approach to the construction of a guaranteed cost controller. (14) is the guaranteed cost for the closed-loop uncertain delay systems.
The proof is given in Appendix II. Since the LMI (12) consists of a convex solution set of (; "X; Y; S i ; Z), various efficient convex-optimization algorithms can be applied. Moreover, its solutions represent the set of the guaranteed cost controllers. This parameterized representation can be exploited to design the guaranteed cost controllers which minimizes the value of the guaranteed cost for the closed-loop uncertain delay systems. Consequently, solving the following optimization problem allows us to determine the optimal bound: 
Thus, the minimization of J implies the minimum value J 3 of the guaranteed cost for the uncertain delay systems (8) . The optimality of the solution of the optimization problem follows from the convexity of the objective function under the LMI constraints. This is the required result.
Remark 1:
The constant parameter c which is included in the inequality (16c) need to be optimized as the LMI constraint. In that case, it is hard to obtain the optimum guaranteed cost because the resulting problem is a nonconvex optimization problem. Hence, we propose the above suboptimal guaranteed cost control instead of solving the nonconvex optimization problem. As a result, the robust suboptimal guaranteed cost controller which minimizes the value of the guaranteed cost for the closed-loop uncertain delay system can be easily solved by using the LMI.
The constant parameter c needs to be chosen as small as possible.
However, if there exists no solution of the considered optimization problem, then we need to take the large parameter c. On the other hand, it should be noted that the parameter c cannot become large because the matrix X is constrained by the inequality (16a).
V. NUMERICAL EXAMPLE
In order to demonstrate the efficiency of our proposed control, we have run a simple numerical example. The system matrices with the uncertainties are given as follows: Note that we cannot apply the technique proposed in [8] - [11] to the above delay system, since the considered system has delay in control input. Moreover, compared with the multiple delay systems presented in [9] , the uncertain matrices related to state delays are more general forms. Now, we choose as R = 0:1 and Q = diag [0: Consequently, the optimal guaranteed cost of the uncertain closed-loop delay system is J 3 = 16:364 413. Finally, the result of the simulation of this example is depicted in Fig. 1 . It is shown from Fig. 1 that the closed-loop systems are asymptotically stable.
VI. CONCLUSION
In this brief, a solution of the guaranteed cost-control problem for uncertain system that have delay in both state and control input has been presented. The robust optimal guaranteed cost controller which minimizes the value of the guaranteed cost for the closed-loop uncertain delay system can be solved by using software such as MATLAB's LMI control Toolbox [13] . Thus, the resulting linear feedback controller can guarantee the quadratic stability and the optimal cost bound for the uncertain delay systems. On the other hand, there is one drawback that we must not ignore for the proposed controller design. It should be noted that the uncertain system with the kind of uncertainty structure as in (2), usually results in very conservative controller design. However, since it is well known that there are many physical systems in which the uncertainty can be modeled by this manner [14] , the assumption that the uncertain system has the structure given by the uncertainty structure (2) is reliable.
After submitting this brief, we have noticed that there exist the useful results for the guaranteed cost-control problem for uncertain systems that have delay in both state and control [18] . Although the proposed design approach is also based on the LMI technique, the controllers are not unique. Therefore, one needs to construct a guaranteed cost controller through trial and error. On the other hand, our controllers are unique. Moreover, since the considered uncertain systems contain the multiple delay in the states, it is applicable to wider class.
Finally, it is expected that the LMI approach is also applied to the output feedback case [15] . Such a problem is more realistic than the state feedback case. This problem will be addressed in future investigations.
APPENDIX I PROOF OF THEOREM 1
Using the definitionsÃ,Ã i , andH h , we can change the form (1) as
Suppose now there exist the symmetric positive definite matrices P , Si and U such that the matrix inequality (6) holds for all admissible uncertainties (2) . In order to prove the asymptotic stability of the delay systems (18) , let us define the following Lyapunov function candidate:
Note that V (x(t)) > 0 whenever x(t) 6 = 0. Then, the time derivative of V (x(t)) along any trajectory of the delay system (18) 
Hence, V (x(t)) is a Lyapunov function for the delay system (18).
Therefore, (18) is asymptotically stable. Furthermore, by integrating both sides of the inequality (20) from 0 to T and using the initial conditions, we have
Since (18) 
Using a standard matrix inequality [17] , for all admissible uncertainties (2) and (9), the following matrix inequality holds: On the other hand, since the results of the cost bound (14) can be proved by using the similar argument for the proof of Theorem 1, it is omitted.
